10. cviceni - resSeni

Priklad 1 (a)

2 +1 A B
(z+1)(22+3) x+1+2w+3
20 +1=AQ2x+3)+B(z+1)=24r+3A+Bx+B=(2A+B)x+3A+B
— 2=2A+B
1=3A+B
B=2_24A-1-34 — A= _1,B—4

20 +1 lin. 1 1 .
dz = - dz +4 dzr = -1 1]+ 2log |22 + 3
o/@+D@x+m”? /x+1x+'/Qx+3x og |z + 1| + 2log [22 + 3]

Priklad 1 (b)

x—1 A B C D
@t 1)P 7l @r? @t
r—1=A(x+1)>+Bx(x +1)* + Cx(z+ 1)+ Dx
r—1=A@*+322+32+1) + B3+ 222 + 2) + C(2® + ) + Dz
x—1= Az +3A2% + 3Ax + A+ Bx® + 2Ba* + Bz + Cx* + Cx + Dz

x—1=(A+B)2*+(3A+2B+C)2’+ (3A+B+C+D)x+ A

Porovnénim koeficientt u jednotlivych mocnin x dostdvame soustavu:

0=A+B == B=1
0=34+2B+C 2 c=3-2-=1

1=34A4+B+C+D" ' D=-1-3834-B-C=1+43-1-1=2
—1=4A

r—1 hn 2
i e

=ly=z+1,dy =dx| = log|x|+/ +—+7d =

1 1
(z+1) (z+1)2

11
é—log!leogly\—g—?:—log\xlﬂog\xﬂ\—

Priklad 1 (c)
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dle déleni mnohoclenu mnohoclenem

r—1 T —
15_3 . 2 15 14 2
Priklad 1 (d)
xt _x4+5x2+4—5x2—4_ 52+ 4
zt 4+ 522 4+4 xd 4+ 522 4+ 4 N x4+ 522 4+ 4

gt 4522 +4 = (22 + 1) (2 +4)

—5x? —4 Ar+B Cx+ D
@0+ 241 214
— 52?2 —4 = A3 + 4Ax 4+ Bx® + 4B + C2® + Cx + D2* + D
— 502 —4=(A+C)z* + (B+ D)2’ + (4A+C)z +4B+ D

Porovnanim koeficienti u jednotlivych mocnin z dostavame soustavu:

0=A+C =% 0=-34 = A=0,C=0

—-5=B+D
0=4A+C

2 1 16
—4=4B+D = —-4=4B—-5—-B — 3B=1 = B:§,D:—§

4
x lin. 16 1
5 1d - ———dz =
/:B4+5:v2+4$ / T3 / R / Zra”

1 16 1 1 16 1
'n. x4+ - arctanx — — - /dx:y:x,dy—dx—x—i-arctanx—/ dy =
3 3 4 (%) +1 2 2 3 6 ) y?+1

© 2+ S aret 16 et + Larct 8 arctan =
=X —arctanxr — — arctan =X —arctanxr — — arctan —
3 6 4 3 3 2

Priklad 1 (e)

z? ot 22?2 -3 —227+43 —222 +3

x4+2x2—3_x4—|—2x2—3+x4+2x2—3_ xt+ 222 -3
2t 4202 -3 = (2 -~ 1)(2?+3) = (z — 1)(z + 1)(2* + 3)
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—27% 43 A B Cx+ D
G-+ 0@ +3) 241 2-1" 2243
— 202 +3=A(x - 1)(z*+3)+ Bz + 1)(z* + 3) + (Cz + D)(2* — 1)
—22% +3 = A2® + 3Ar — Ax* —3A + Ba® + 3Bx + Ba* + 3B+ Ca® — Cx + Da* — D
~ 202 4+3=(A+B+C)2* + (~A+B+ D)2’ + BA+3B - C)z —3A+3B - D

Porovnénim koeficientt u jednotlivych mocnin x dostdvame soustavu:

0=A+B+C
—2=—-A+B+D
0=34+3B-C
3=-3A+3B-D

Prvni a tfeti rovnice davaji: 0 = A+ B+3A+3B=4(A+B) = A+B =0 -+ C=0. Specialné
A = —B. Dostavame tedy nasl.

C=0
—-A=8B
—-2=2B+D

3=6B-D

7 poslednich dvou rovnic plyne: 3 —2 = 2B+ 6B =8B — B = %. 7 tfeti rovnice v posledni

soustavé pak dostavame: D = -2 — 2B = —2 — i = —%

Maéame tedy: A:—%,B:%’C:()’D:_%

5134 hn 1 1
—————dx ldx — = ———dz =
/x4+2x2—3 /x 8 / 243"
1 /1 1 1
=ly=z+1l,dy=da,z=2— 1dz—da:|—:c—/ —dy + = /dz—9 /2d93:
8 8J) z 43 ( )+1

1 1 3 1
lgx—glog]yH- log|z]—\—[ et =

1
=u=—,du=—7=dz
V3 \f3

1
=z - flog\yl + = logIZ\

3 1 1 3v3
1 arctanu:x—glog\x+1|+§log]x—1]— Zfau"ctanj§

Piiklad 1 (f)

1 1
(22 — 4x + 4) (22 — 42+ 5) - (x — 2)%(2? + 42 +5)
1 A B Cr+ D
($—2)2(x2—|—4x+5)::U—2+(x—2)2+ 2—4x+5
1=A(x —2)(2® — 4z +5) + B(z® — 4z + 5) + (Cz + D)(2? — 4a + 4)
1 = A2® — 4A2% 4+ 5Ax — 2A2% + 8Ax — 10A + Bx? — 4Bx 4 5B + Ca® — 4C2* 4+ 4Cx + Da* — 4Dz + 4D

1=(A+0)2®+ (-4A —2A+ B —4C + D)x* + (5A+8A — 4B + 4C — 4D)x — 10A + 5B + 4D |
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Porovnénim koeficientt u jednotlivych mocnin x dostdvame soustavu:

0=A+C — C=-A
0=-64+B—-4C+D = 0=2C+B+D
0=134— 4B +4C —4D == 0= —9C — 4B — 4D
1=—10A+5B +4D = 0=10C + 5B + 4D
Posledni dvé rovnice davaji: 1 = —9C —4B +10C +5B =C+ B = (C = —B + 1. Ze druhé

rovnice pak plyne: 0 = -2B+2+ B+ D =2—-B+D = D = B — 2. Ze tfet{ rovnice pak plyne:
0=9B-9-4B—-4B+8=B—-1 = B=1,D=-1,C=0,A=0.

/ : do' [ o [ e
(22 — 4z +4)(22 — 4z +5) = ) (v —2)? 22 —4dx+5

1 1 1 1
- dy— [ —— dr=|y=2z-2dy=dz|= [ =dy— | ——dy =
/(x_2)2y /(x_2)2+1w ly = —2,dy = dz| /yQy /y2+1y

C

— 1
— —arctany = ———— — arctan(xz — 2)
Y

Piiklad 1 (g)

x2 Az + B Czx+ D
(@ +20+22 242042 (22420 +2)
2? = (Az+ B)(2* +22+2) +Cx + D
22 = Az® 4+ 242% + 2Ax + Ba®> + 2Bz + 2B+ Cx + D
22 = Ar® + A+ B)2? + 2A+2B+C)z +2B+ D

Porovnanim koeficienti u jednotlivych mocnin z dostdvame soustavu:

0=A
1=24+B == B=1
0=24+2B+C 2 0= 2

0=2B+D =% D=-2

2
X lin. 1 z+1 lin. 1 20 + 2
——dr = | V——de -2 | ————dr = | ————do— | ————5dx =
/(m2+2x+2)2 v /m2+2x+2 v /(x2—|—2w+2)2 ’ /(3:+1)2—|—1 v /(m2—|—2x—|—2)2 v

1 1
:}y:a:+1,dy:dac,z::c2+2:c+2,dz:(2x+2)da:‘ :/ dy—/de:arctany—i—:
z z

1
2+ 22 + 2

y?+1
= arctan(z + 1) +

NiZe je uvedeno jen ¢astecné feSeni
rozklad na parcidlni zlomky je algoritmicky a snadno jej provedete sami
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Piiklad 1 (h)

r+1 , 2z + 1) /2m+2—3+3
—de=|y=a" — l,dy=2x—-1)de|= | m—5———dx = | ————dx =
/xz—x—i—l r=ly=a" ot ldy=(20-1)da] /2(.%'2—$+1) v 22?2 —z+1) .

lin. 1 20— 1 3 1 1 1 1
il T v de=- [ 24 N,
2/x2—x+1“2/x2—x+1$ 2/y v /(x— P

1
2

3
2
4 1 4
z = 3<$—2>,d2— g

3 4 1
5 loglyl + 5 3/ N
a1
()
4
:110g|x2—x—|—1|—|—2 3/1dzé1log|x2—x+1|+\/§arctanz:
2 4] 2241 2

1 4 1 1 2 2x-1
:2log’x2—x+1|+\/§arctan<\/;<x—2)):210g|x2—m+1\+\/§arctan<\/§- m2 >

1 1. ¢
/ dx:]y:x+1,dy:dx|:/dyzlog|yzlog|x+1|
z+1 Y

Piiklad 1 (i)

2 —z+2

3 [20—3+1-1_ 1y 3 2z — 1 3 -1 1
=" [= 3 " Q=" - " dz—=. = | ——  dax=
2/ 2_zt2 ¢ 2/x2—x+2x 2 3/x2—x+2x

3/1 1 1 3 1 4 1
=—= dy—I—/daU:—long—-/dx:
2/ y 2) -1+ 2 2 7 ( 1>2 )

+

3
\/E
4
4 1 4 3., 2 7 1
c 1 4 1
zglog|x2:p+2|+\farctanz:glog|x2x+2|+ﬁarctan<\/;<x2))2
2 2xz—-1

3 1
=—Slogla? -z +2 —i—arctan('

-3 2 - -3 2
/Hdx:‘y:xz—w+2,dy:2x—1dx}:/g-de:
3

AN

3 1
):—210g|x2—:c+2|+arctan v

V7 V7

Piiklad 1 (j)
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1 2 1 1 /2 2—-1+1
/de—‘y—x +x+1,dy =2z + 1)dz ‘ Ld in. /xj—kdx—
zé+x+1

2+r+1 2 22+ax+1 2

lin. 1 2z +1 1 1 1 /1 1 1
2 2T s de== [ Cdy4+ = [ —— Az =
2/m2+x+1$+2/a¢2+x+1$ 2/y y+2/( 2 o

i)

1 1 3
210g|:£ +z+1]+ - \/7/ 2+1 2log|3:2—|—x+1|+\3[arctanz:

wh—t
~—

AN

1

L log ] + /

= —lo I -

2T ) N
CC2 +1

dx =

§
4

Llog2? + 2 + 1] + —= arct \/Z ;1 log|a® + 7 + 1| + —= arctan —= 2L _
= — 10g |T xr —= arctan -\ Z — *O X X arctanl ——=——
2 %8 /3 3 2 &

\/3 V3 2
1 1 20+ 1
= Zlog|z? + x + 1| + — arctan ———
5 log] | 7 7

1 hn1 2 —24+1—1
/x2_x+1dm_|y_x —z+1,dy=(2z—1)d / :E—l—l —————dr =

n_n,1/2:c—1d1/ 1 d_/ 1/
o) 2_a 1Y Ty 2o 2
1 1
z=\/z|lz—<),dz=
i (73)

1 1
:2log|x —m+1|_\/7/22+1 dz = log|x —x+1|—%arctanz

————dx =
)2+

wh—*
Jk\w

Wl

dx

1 1 4 1
=3 g|y|—§ 3/20195—
(”C >+1

1 JCRT Lo \/Z< 1> L IERPY Loian 2221
= —10g|xr" — & — —=arctan — |\ T— = )| =Zl0g|x" —& — ——=arctanl —(—=— =
9 8 V3 3 2) 2% V3 V3 2

1 1 2
zilog|x2—$+1|——arctan ’

V3 V3

Piiklad 1 (k)

1 1. .1 1
de=|y=2r+1.dy=2dz| = [ —dy< =1 — —log|2z +1
/2$+1 r=|y=2r+1,dy x| /2y y 20g|y! 5 og |27 + 1|

2 1 1

7o 45 Iy
/(“de:\y_x + a4 1,dy = (20 + 1)dz| 2 7 /de—

22+ x+1)° (2 +x+1)%
:7/2x+17(]_§+$dxh:n~7/Zx—i_ld:p+7.3/1dx:
2) (#24z+1)° 2/) (@2+z+1)> 2 7)) (@2+x+1)°

S VE VPR S A N S
2] 3?2 YTy (22 + z +1)? 2y 2) (@24+2+1)> 22 4+2+1) 2/ (

22+ x4+ 1)
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1 _ 1 16
/(x2+x+1)2d$ /<(w+5)2+3>2d 9 <7§é>2+1

4 1 4 16 /3 1

b \/;<x+2), “ 3¢ 9 2 / (u?2 +1)2 R e v
8v3 1 1 8 1 8 31
= f/ 5 = \[/ f/ 2tdt = —\[f(costsmt—l—t)
tan? 4+1)2 cos2t (Sm t+6052t> coth 9 2

dt| =

cos?t

Vyse se vyuzilo nasledujiciho:

PP . . .
/cos xdx = /cosw'cosxdx = sinzcosz — /smx(— sinz)dx = smxcosx—i—/sm xdx =

lin. .
—Slnxcosx—l—/l—cosgxdx = 51nxcosx+x—/cos zdx

Vyjadienim ze ziskané rovnosti dostavame

1
/C082 xdx = 3 (sinxcosx + x)

%t, tedy cos®t = m Z toho plyne, Ze

Pricemz: u = tant, tedy t = arctant. Navic 1 +tan“t =
tedy costsint = . Z toho plyne, ze:

; smt 1
sintcost = tcos t=tant s,
4 1
Vi+d)

V3 2x+1>+
(\/§($+%))2+1

1 ¢ 43 u
/( ) T 9 <arc anu+u2+1> 9 arc an< 7

22+ x4+ 1)2

Piklad 1 (1)
Rovnice ¢ 4+ 22 + 1 = 0 je reciproka. Jak na reciproké rovnice vizte zde
https://www2.karlin.mff.cuni.cz/~ portal/komplexni cisla.dp/?page=rovnice-reciproke

2

2t +224+1=0 vydélime vyrazem
1 1 2 1
x2+1+f2:0, y:—x+,y2—(w+> :x2—|—2+—2
T T x x
— y2 —1=0
(y+Dy—-1)=0
). Po provedeni desubstituce

Rovnice 2% + 22 —|— 1= 0 Ize substituci y = z + L prepsat na (y + 1)(y

dostavame rozklad: z* + 22 +1 = (22 + 2+ 1)(2® —x + 1).
Rozklad na parcialni zlomky ziskdme vySetifenim rovnosti:
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https://www2.karlin.mff.cuni.cz/~portal/komplexni_cisla.dp/?page=rovnice-reciproke

2+ 1 Ax + B Cx+ D FEx+ F Gx+ H

(zt4+224+1)2 2242+1 (22+z+1)2 22-24+1 (22—-x+1)2

Dostaneme: A=B=D=E=F=H=3,C=G=—1.

1 1 /2 2—-1+1
/Hdx:}y:x2+x+1,dy:(2x+1)dx‘:/Mdm:

?2+x+1 2 2 +z+1
in. 1 2 1 1 1 1 /1 1 1
¢+ + ¢+ T+ Y (x+§) + 2

™

I
o
VN

K

+
N | —
N—

\:CL

N

|
o

o,

8

1 4 1
<”“’ > +1

2 3 1 1 1
flog]:z: +x+1|+f {/Mdzé210g|x2+x+1|+\/§arctanz:

1 22+ 1
flo 2?4+ z + 1| + —= arctan
5 log] | 7 7
z+1 ) 1/2x+2—1+1
— T dz=|y= Ldy=Q2z+1dz|== | =——— " _~dz =
/(a;2+x+1)2 r=ly=attatldy=Qr+1)de] =g @2 +a+1)2
m. 1 2 + 1 1 1 1 (1 1 1
12'/“dx+/ de:/dy—i—/ Sda =
2 (2 4+ 2 +1)2 2 1\2 |, 3 2] y? 2 2
<($+§) +1) 9 s+l
2
21+ NE

4 1 4 1 1 16 f
== — — d = —d = —_—— —_
B \/;<x+2>’ " \/;a: 2y T2 /u2+1
1 4
= - + \/g/ ! du =
222 +x+1) 9 (u?4+1)2

1 4 1 1 4 1
== + \/>/ 2 dt = — + \/g/ 5 dt =
2(z2 4+ x+1) 9 (tan?t + 1)2 cos? ¢ 222+ +1) 9 ( in?

Slnc(;:§032> cos? t
1 443 5
— tdt
22 +ztl) 9 /COS

1
u =tant,du = ——dt| =
cos?t

Vyuzijeme nasledujiciho:

PP . . . . .
/cos2 xdr = /cosx-cosa:d:p = sinzcosz — /sm:c(— sinz)dx = sinx cosx + /sm2 xdr =
. 2 lin. . 2
=sinxcosx + [ 1 —cos”xdxr = sinzcosz +x — [ cos” xzdx

Vyjadienim ze ziskané rovnosti dostavame:

1
/cos2 xdx = 3 (sinxcosx + x)
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Pokracujeme ve vypoctu:

r+1 1 44/3 5. . c 1 431 .
———dr = — tdt = — — (sintcost +t) =
/(x2+:c+1)2 T Ty @rar) T /COS ST ragn) T g g GinteostHY)
1 2V/3 5
ST ragD) g (tanteosTtEt)
2 i 2
cos“t +sin“t 1 1
= |1 +tan?t = = — 2=~ | =
' +tan cos? t cos?t o8 tan2t+1‘
1 2V3 [ w
= — t =
2(x2+$+1)+ 9 <u2+1+arc anu)
2 1
1 2v/3 7Bt 3 2 1
T @yt \9[ 4 23 +arCtanxf<x+2> -
it (%(H%)) +1 3
1 2v/3 2 21 + 1
__2(1E2+$+1>+ 9 D) +arctan7 =
(%(:c+%)) +1

Zbytek analogicky.
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